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Can electro-magnetic field, anisotropic source 
and varying A be sufficient to produce 
wormhole spacetime ? 



F.Rahaman*, M.Kalam^ and K A Rahman* 



Abstract 



It is well known that solutions of general 
relativity which allow for traversable worm- 
holes require the existence of exotic matter 
( matter that violates weak or null energy 
conditions [WEC or NEC] ). In this arti- 
cle, we provide a class of exact solution for 
Einstein-Maxwell field equations describing 
wormholes assuming the erstwhile cosmo- 
logical term A to be space variable , viz., 
A = A(r). The source considered here not 
only a matter entirely but a sum of matters 
i.e. anisotropic matter distribution, elec- 
tromagnetic field and cosmological constant 
whose effective parts obey all energy condi- 
tions out side the wormhole throat. Here 
violation of energy conditions can be com- 
pensated by varying cosmological constant. 
The important feature of this article is that 
one can get wormhole structure, at least 
theoretically, comprising with physically ac- 
ceptable matters. 
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Introduction : 

We know a wormhole is a hypothetical topo- 
logical feature of spacetime that connects 
two distinct spacetimes. The wormhole idea 
comes from Einstein's theory of general rel- 
ativity [1]. It is the solution of Einstein 
equation shared by the violation of null en- 
ergy condition. The matter that charac- 
terized above stress energy tensor is known 
as exotic matter. Needless to say, the no- 
tion of this exotic matter is bizarre. In 
spite of, several physicists have constructed 
wormholes by assuming different forms of 
exotic matter. Sushkov[2], Lobo[3], Kuhfit- 
tig[4], Zaslovskii[5], Rahaman et al[6] have 
presented wormhole solutions comprising of 
phantom energy. Lobo [7] , Rahaman et 
al [7] and Rashid et al [7] have shown that 
wormholes may be supported by the Chap- 
lygin gas. Das et al[8] have studied worm- 
hole with Tachyonic field. Mansouryar[9] 
and Khabibullin A et al [10] have assumed 
Casimir field for exotic matter source. Ra- 
haman et al [11] have studied wormhole in 
presence of C-field. Also Rahaman et al 
[12] have shown that wormholes may exist 
in Kalb-Ramond spacetime. 
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To avoid this bizarre form of matter 
distribution, several authors used scalar 
tensor theory of gravity to construct worm- 
holes [13]. Though Visser et al[14] showed 
and latter supported by Kuhffitig[15], 
Nandi et al[16] and Fewster et al[17] that 
the amount of exotic matter needed can 
be made arbitrarily small for constructing 
wormholes but no matter how difficult to 
deal with exotic matter. So we are trying to 
provide a prescription how to get a worm- 
hole comprising with physically acceptable 
matters. We give a class of solution of 
Einstein- Maxwell field equations describing 
wormholes assuming cosmological term A 
to be space variable. The source considered 
here not only a matter entirely but a 
sum of matters i.e. anisotropic matter 
distribution, electromagnetic field and 
cosmological constant whose effective parts 
obey all energy conditions out side the 
wormhole throat. Here violation of energy 
conditions can be compensated by varying 
cosmological constant. The assumption 
of variable A is not new [ see ref.[18], for 
review ]. Several authors have discussed 
the contribution of space dependence A 
to the effective gravitational mass of the 
astrophysical systems[19]. The solutions 
of Einstein field equations with variable A 
have a wider range of application to discuss 
more accurately the local massive objects 
like galaxies [20] and energy density of clas- 
sical electron [21]. So, it is not unnatural 
to inclusion of A on an anisotropic static 
spherically symmetric source to construct 
wormholes. Recently Lemos et al [22] have 
studied extensively wormhole geometry 
in presence of A where A is a constant. 
The aim of the present investigation is to 
construct stable traversable wormhole with 
realistic matter sources. 



Basic equations for constructing wormholes: 



Let us consider a static, spherically symmet- 
ric matter distribution corresponding to the 
line element 

(1) 

The Einstein-Maxwell field equations for the 

above spherically symmetric metric corre- 
sponding to the charged anisotropic mat- 
ter distribution in presence of varying A are 
given by 

e-'^[^-^] + 4 = 87rp + £;^ + A (2) 
e-[l + ^]-l = 8.p.-£;^-A (3) 

(4) 

and 

{r'^E)' = 47rrVe^ (5) 

Equation (5) can equivalently be expressed 
in the form 

Eir) = ^ r iTTr^ae^dr = ^ (6) 

where g(r) is the total charge of the sphere 
under consideration. Also, the conservation 
equation is given by 

(7) 

Here, p,Pr,Pt, E,a and q are respectively 
the matter energy density, radial and 
tangential pressures, electric field strength, 
electric charged density and electric charge. 
The prime denotes derivative with respect 
to 'r'. 
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Solutions : 

Now to get exact solutions, we assume the 
following assumptions: 



z/(r) = (8) 

Argument: One of the traversability prop- 
erties is the tidal gravitational forces expe- 
rienced by a traveller must be reasonably 
small. So, we assume a zero tidal force as 
seen by the stationary observer. Thus one 
of the traversability conditions is automati- 
cally satisfied. 



(b) 



Pt = npr 



(9) 



Argument: Pressures are anisotropic with 
Pt < Pv 



Argument: In usual sense, the term ere 2 
occurring inside the integral sign in the 
equation (6), is called the volume charge 
density and hence the condition crea = (jor* 
, can equivalently be interpreted as the vol- 
ume charge density being polynomial func- 
tion of 'r'. The constant cfq is the charge 
density at r = 0, the center of the charged 
matter [19]. 

Taking into account of equations (8) - (12), 
one gets the following solutions of the field 
equations (2) - (7) as 



E\r) 



(s + S) 



^2s+2 



(13) 



(14) 



(c) 



Pr — mp 



(10) 



Argument: The above equation indicates 
the equation of state with < m < 1. 

(d) £(XPr 



p^ = Dr + 



(15) 



where P = (s + 3) [2(1 - n) + (2s + 2) (1 - a)] 
and D is an integration constant. 



I.e. 



A 

^ = apr 



a is proportional constant 



:iii 



where. 



b{r) 



(16) 



Argument: The vacuum energy ( which is 
equivalent to A ) can be thought as a con- 
tribution of the energy stress components. 



(e) 



(76 2 = 



(12) 



( (7o and s are arbitrary constants ) 



(2u+l-3a) 



b{r) = Fr ■ + Xr'^'+^ 

87rD(l-a)(a+i) 



where, F 
and 

lerrVg r 1 



(2n+l-3o) 



X 



(2s+5) l(^i+3)2 



+ 



(17) 
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q«2(r 
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Figure 1: Electric charge with respect to 
radial coordinate 'r'. 



s = -3.2, a =.5, n =.4, sigma_0 = .01 and D = .1 
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Figure 3: Radial pressure with respect to 
radial coordinate 'r'. 



s = -3.2, a =.5, n =.4, m =.3 , sigma_0 =.01 and D = .1 




Figure 4: Shape function with respect to 
Figure 2: Electric field strength with re- ^^^-^^ coordinate 'r'. 
spect to radial coordinate 'r'. 
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Properties of the solutions: Since the Stability 

space time is asymptotically flat i.e. — 



as r — oo, the Eq.(17) is consistent only 
when ^^^+1;^^°^ - 1< and 2s + 4 < 0. 

These imply, 



and 



n < a 



s < -2 



(18) 



(19) 



Also, as I r 1^ oo, pr, q^{r) and E'^ij-) 0, 
so one has to take the following restriction 



on 's' as 



s < -3 



(20) 



Here the throat occurs at r = Tq for which 

6(ro) = ro i.e. 1 = Frg*'""' + Xrl'^^. For 
the suitable choices of the parameters, the 
graph of the function G{r) = b{r) — r indi- 
cates the point Tq , where G(r) cuts the 'r' 
axis (see fig. 5 ). Prom the graph, one can 
also note that when r > Tq, G{r) < i.e. 
b(r) — r < 0. This implies ^ < 1 when 
r > ro- 



G(r) = b{ 
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Figure 5: Throat occurs where G{r) cuts 



'r' axis 



To study the stability, we match our interior 
wormhole solution to the exterior Reissner- 
Nordstrom Black hole solution 
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at the junction interface S, situated out- 
side the event horizon, a > rh — M ± 
one needs to use extrinsic cur- 
vature or second fundamental forms associ- 
ated with two sides of the shell 'S' as = 
~^%i'^{i)^\3)i '^here are the unit normals 
to S and e^.^ are the components of the holo- 
nomic basis vectors tangent to S. Using the 
Darmois-Israel formalism, we write Lanczos 
equations for the surface stress energy ten- 
sors 5** at the junction interface S as 



1 



(21) 



where S"* 



diag{- 



^„^>,^ -(T,pg,p^) is the surface 
energy tensor with a , the surface den- 
sity and pe and p^, the surface pressures 
and [K,,] = K^-K^ and K = [Kl] = 
trace[Kij]. 



To analyze the dynamics of the wormhole, 
we permit the radius of the throat to be- 
come a function of time, a — > a{T). Now 
taking into account equation (21), one can 
find. 



Attq 



2M g2 



[\ 1 ^ \ + d^-Vl - Fa" - Xa"- + d 



n2] 



(22) 



-+aa+a 



Thus our solution describing a static spher- (23^ 
ically symmetric wormhole supported by 

anisotropic matter distribution in presence [ over dot means the derivatives with respect 



of electromagnetic field and varying A. 



to T and = 1^ ; ti; = 2s + 4 ] 
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Using conservation identity Now we define a parameter (3, which is inter- 

S'j.j = — [cr + 2^(j9 + a)] , one can get the preted as the speed of sound, by the relation 
following expression as 



cr' = --(p + (7)+y (24) 
a 



where, 



da'" 

Using equation (24), we have 



/?'(^) = (30) 



V — _ 1 r (FMa"+Xwa"') 
^ 4W^L2ri-Fa"-Xa'"") ^ 



47ra^ \-2{l-Fa^-Xa^) 



(25) 



The wormhole solution is stable if V"{aQ) > 
Rearranging equation (22), we obtain the g-^ 



thin shell's equation of motion 

■2 



+ Via) = (26) ffjf ^1) - 8.\a^ - 4aaa' - 2aV-) 



Here the potential is defined as 



1. V 9 9 9 {fl-f2? I {h~h){f[-f'2) (a' I I 2^ (/l-/2)^ /2a' , 



■ ' 2 0- ^ ^ 2a2 J 



(27) 
where, 

= l +^;/2 = l-Fa"-Xa'" (28) 



or. 



^2 A-£ + C- 5- T + G- i/ 



Linearizing around a static solution situated N — L 

at oo, one can expand V(a) around oq to 

(32) 

yjgy where A, B, C, S, T, G, H, N, L are given 

in the appendix at a = ao- 

V = V{ao)+V'{ao){a-ao)+lV"{ao){a-aoy 

0[(a — ao)^] Thus if one treats oq, M and Q and other 



(29) 



parameters are specified quantities, then the 
stability of the configuration requires the 
where prime denotes derivative with respect above restriction on the parameter Pq. This 
to a. means there exists some part of the param- 

eter space where the throat location is sta- 
Since we are linearizing around a static so- ble. [ To get geometrical information, one 
lution at a = ag, we have K(ao) = can show the stability region graphically by 
and V'{ao) = 0. The stable equilibrium plotting vs. x = ^ and taking all 

configurations correspond to the condition other parameters as known quantities. The 
V"{ao) > 0. stability region is given below the curve. ] 
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Traversability conditions: 

Now we will focus on the usability of our 
wormhole structure i.e. to check whether 
it is useful for the travellers of modern civ- 
ilizations. To travel through a wormhole, 
the tidal gravitational forces experienced by 
a traveller must be reasonably small. Ac- 
cording to Morris and Thornc [1], the ac- 
celeration felt by the traveller should not 
exceed Earth's gravity. Thus the tidal ac- 
celerations between two parts of the trav- 
eller's body, separated by say, 2 meters, 
must less than the gravitational acceleration 
at Earth's surface gearth ( gearth ~ 10m/ sec^ 
). Due to Morris and Thorne [1], the test- 
ing tangential tidal constraint is given by ( 
assuming u' = ) 

\Rtete\ = Rm4>\ = \&mb'-')\ < ^ «^ 
1 

10i0m2 

with (3 = I , and c is the velocity of 
light. 

[ The above inequality indicates a restriction 
on traveller's velocity vir) with which the 
traveller crosses the wormhole ] 

For f << c, we have /3 ~ 1 and substituting 
the expression of 6(r), we get 



2i < J_ / 1 

C 10* Y i^,.u-2_|_^!irW-2 

The above inequality represents the tangen- 
tial tidal force and restrict the speed v of the 
while crossing the wormhole. Here radial 
acceleration is zero since Rrtrt — 0, for our 
wormhole spacetime. Acceleration felt by a 
traveller should less than the gravitational 
acceleration at earth surface, gearth- The 
condition imposed by Morris and Thorne [1] 
as 



1^ = |01-^]/3'c2| < gearth [ for u' = 0] 

For the traveller's velocity v = constant, 
one finds that |f| = 0. In our model the 
the above condition is automatically satis- 
fied, the traveller feels a zero gravitational 
acceleration. 

Final Remarks : 

Our aim in this article is to search rea- 
sonable matters that produce wormhole like 
spacetime. We have been able to show that 
if we are supplied anisotropic matter source 
and electromagnetic field along with vary- 
ing A, then one could construct, at least 
theoretically, a stable traversable wormhole. 

One can note that Peffective > 0, Peffective + 
Pr effective 0) Peffective ~l~ Pt effective ^ for 

all r > To i.e. all energy conditions are sat- 
isfied out side the throat. But at the throat 
i.e. at r = ro, NEC is violated. Nevertheless 
this wormhole has been constructed nearly 
accessible matter sources. 

The collections of anisotropic matter and 
electromagnetic field are not difficult. The 
only difficult task is to collect the source 
'A'. According to Zeldovich[23], A is noth- 
ing but the vacuum energy density due to 
quantum fluctuations. If an engineer im- 
bued with new ideas will able to produce 
vacuum energy density by means of quan- 
tum fluctuations, we imagine that wormhole 
could be constructed physically. 
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Appendix : ^=lfe^[^ + i^ + 



^1 



S = StT ((7 — 4a(T(T — 2a (7 ) = l-Fa^-Xa^ +lFud^+\Xwa^ s _^ 

' O 1 I a ' „2 



— I — AT — 4<t' U1-J2) _ 1 ^ 



V a 

^ _ 1 iFua"-^^X.a-^^2M_._^^2 ^ ^ 32^ ^ _^ (^1 _ Mi + ^ _ 



327rVo-' 2 / 

Vl-i^a"-^a"')[- 



327r^o-^a^ ^ 

2 



Q ^ (/i-/2)(/{-/^) ra' , £: , 21 ^ 

(Fo" +Xa- - + 4 ) (Fna" - 1 +X«,a™ - 1 + - 2^ ) 
(^l_2M + ^_Vl_Fa"-Xa»)2 

1 3M I 2q2 



l-Fa"-Xa''- + i/Mu,"+iX?i)a™ X 



1- 



3M I 2Q^ 



47ra3 ' 



l-Fa" -Xa™ + 1 Fna" + |Xwa^' 
y/l-Fa^-Xa^ 

C = A[(p + ^) + r][g^-8vrW 
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1 / FMa"+Xma"' \1 _ 
47ra3 V Vl-Fa''-Xa"' ''J 
^ Vl-Fa"-Xa'"(F«2a^-i+X^2a^-i)+(^"°"+^^°^KJj^-^+^ 

8iTa2 I 1-Fa"-Xa™ ■ 



(Fa-"+Xa"'-2M + S^)2 
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